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Abstract

Defining orbifold projective structures on a multi-pointed compact Riemann surface, we give a necessary
and sufficient condition for the existence of such a structure. Orbifold projective structures are described
using logarithmic connections, as well as using third order holomorphic differential operators.
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1. Introduction

A projective structure on a Riemann surface is defined by giving a holomorphic coordinate
atlas such that all the transition functions are Mobius transformations. After fixing a theta
characteristic on a compact Riemann surface X, a projective structure gives a second order
holomorphic differential operator on X, which has the property that the monodromy of the local
system, defined by the sheaf of solutions of the differential operator, is in SL(2, C). This way,
projective structures correspond to flat SL(2, C)-bundles with a line subbundle whose second
fundamental form is an isomorphism (see [9]).

If E is the flat vector bundle of rank two over X corresponding to a projective structure
on X, then the adjoint bundle ad(E) is holomorphically identified with the second order jet
bundle J2(T X), where T X is the holomorphic tangent bundle of X (Proposition 4.1). This way,
projective structures on X get identified with all flat (holomorphic) connections on J2(T X)
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satisfying certain compatibility conditions with the Lie bracket operation of vector fields (see
Theorem 4.5 for the details). The local systems on X corresponding to the flat connections on
J?(T X) that arise from projective structures on X are identified with the local systems given
by the solutions of a certain class of third order holomorphic differential operators from 7'X to
(T*X)®? (see Section 6.1).

The aim here is to systematically investigate the orbifold analog of projective structures on a
compact Riemann surface.

Let X be a compact connected Riemann surface and D C X a finite subset. For each point
¢ € D, fix an integer @ (¢) > 2. Fixing such a data, we define an orbifold projective structure
on X to be a covering of X by ramified covering coordinates, that is, ramified holomorphic
maps from open subsets of C to open subsets of X ramified only over D with the indices of
ramification governed by the function @, such that all the local transition functions arise from
Mobius transformations (see Section 3.2 for the details).

In Lemma 3.2 we show that X admits an orbifold projective structure if and only if at least
one of the following three conditions holds:

(1) genus(X) > 1;
2) #D # 1, 2;
(3) #D = 2 and @ is a constant function.

In other words, X does not admit any orbifold projective structure if and only if all the
following three conditions hold:

(1) genus(X) =0,
(2) #D € {1, 2}, and
(3) if D = {41, {2}, then @ (81) # @ (82).

A key input in the proof of Lemma 3.2 is a theorem of Bundgaard-Nielsen and Fox.

Since the line bundle TX ) Ox (D) over X need not admit a square-root (when #D is odd it
does not have a square-root), orbifold projective structures cannot, in general, be described by
second order differential operators between some holomorphic line bundles.

We characterize orbifold projective structures on X in terms of third order singular
holomorphic differential operators on X (Theorem 6.1). Orbifold projective structures are also
characterized in terms of logarithmic connections on X singular over D (Theorem 5.2).

In [11], ramified projective structures on X were defined using ramified coordinate maps from
open subsets of X, while here we define orbifold projective structures using ramified maps fo X.
Note that given any X, if the number of ramification points is sufficiently large, then there are no
ramified projective structures on X (see [11, page 267, Theorem 3]).

When D = (4, some of the results proved here were obtained in [7]. The present work was
also inspired by [3]. See [2] for generalizations of projective structures.

In [10], the uniformization of a compact Riemann surface was investigated using Higgs
bundles (see [10, Section 11]). In [6] (also in [13]), a similar study was carried out for orbifold
Riemann surfaces. A projective structure on a Riemann surface X of genus at least two gives an
irreducible flat connection of rank two on X. Therefore, a projective structure on X gives Higgs
bundle over X of rank two (see [10]). It would be interesting to identify all the Higgs bundles
over X that arise this way.
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2. Jet bundles and differential operator

2.1. Jet bundle

Let X be a compact connected Riemann surface. The self-product X x X will be denoted by
Z. Let

ACZ

be the (reduced) diagonal divisor in the complex surface Z consisting of all points of the form
(x,x). Let

pi Z — X,
i =1, 2, denote the projection of X x X to the i-th factor of the Cartesian product.

Notation. For a complex manifold Y, the sheaf of holomorphic functions on it will be denoted
by Oy, and for a divisor D on Y, the holomorphic line bundle over Y defined by D will be
denoted by Oy (D).

Since A is an effective divisor on Z, for any holomorphic vector bundle V over Z and any
integer i > 1, the coherent sheaf defined by the holomorphic sections of V is naturally a subsheaf
of the coherent sheaf defined by the sections of V ®(9z 07 A).

Let E be a holomorphic vector bundle over X. For any integer k > 0, the k-th order jet bundle
of E, denoted by J¥(E), is defined to be the following direct image on X :

*E
THE) = *< P2 )
E) =P\ G E @ Opx (—k + D)

So JX(E) is a holomorphic vector bundle of rank (k + 1) - rank(E) over X.
Let Kx denote the holomorphic cotangent bundle of X. For any k > 0, let

for: K$ — J5Ox)

be the homomorphism defined as follows. Take a point x € X and a holomorphic function f
defined on some analytic open subset of X containing x with f(x) = 0. The homomorphism
fo.x(x) sends the tensor power (df)®k(x) € (Kf?k)x to the element in Jk(Ox)x defined by
the function (f)¥/k!. To see that this homomorphism is well defined, note that for any two
holomorphic functions f and g defined around x with f(x) = 0 = g(x) and df(x) = dg(x),
the function f — g vanishes of order at least two at x.

The inclusion of Oz(—(k + 1)A) in Oz(—kA) induces an exact sequence of vector bundles

0— KFQE — JNE) — JFY(E) — 0 @2.1)

over X. The above homomorphism K §¥® E — J¥(E) is constructed using the homomorphism
fo.x defined above. More precisely, for any (d f )®k (x) € (Kf?k )x, Where f, as above, is a
holomorphic function defined around x with f(x) = 0, and for any e € E, in the fiber of E
over x, the image of (df YK (x) @ e by the inclusion map in (2.1) is the element in J kK(E),
representing the locally defined section f - of E, where e is a holomorphic section of E defined
around x with e(x) = e. Itis easy to check that this element of J k(E), does not depend on the
choice of the local section e extending e.
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2.2. Differential operators

Let E and F be two holomorphic vector bundles over X. The sheaf of differential operators
of order k from E to F, which is denoted by Difff( (E, F), is defined as
Diff} (E, F) := Hom(J*(E), F) = J*(E)* ® F. (2.2)
Consider the composition
o :DiffS (E, F) = J"E)*® F — (K¥*QE)*® F (2.3)

where the right-hand side homomorphism is Idr tensored with the dual of the injective
homomorphism in (2.1). This homomorphism o is known as the symbol map. So we have an
exact sequence of vector bundles

0 —> Diffs '(E, F) — Diff§(E, F) -~ (K*® E)*® F — 0 (2.4)

which is obtained from (2.1).
We will now give an alternative description of the differential operators.
For any n > 0, consider the quotient (coherent) sheaf

P3Kx ® Oz((n+1)A)

F(n) =
. p>Kx

over Z. So F(n) is supported over the nonreduced divisor (n + 1) A.
Let U C X be an analytic open subset and z : U — C a holomorphic coordinate function
on it. We have a homomorphism of sheaves

dyn) : F(n)|p71 — Oy

@)

which is defined as follows: for any holomorphic section
S z)

(z2 — z)"H!

over U x U, where (z1, z2) is the coordinate function on U x U defined by (z1, z2)(u1, uz) =
(z(u1), z(u2)) € C?, set

10"f

Jum)(s)(x) == ——-(x,x)

n' 8Z2

dzp € I'(U x U; F(n))

for any x € U. It is straight-forward to check that this homomorphism &y (n) does not
depend on the choice of the coordinate function z on U. Consequently, these locally defined
homomorphisms 7 (n) patch together compatibly to define a global homomorphism

3(n) : p1xF(n) — Ox 2.5)

of vector bundles over X.
Let E and F be two holomorphic vector bundles over X. Define the coherent sheaf
PIF®p5(Kx  E¥) @ Oz((n+ 1)A4)

F(E,F;n) =
( ) PiF ®p3(Kx ® E*)
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over Z. So F(E, F;n) is again supported over the nonreduced divisor (n + 1)A, and it is
identified with the direct image 1.t*(p7F @ p3(Kx Q@ E*) @ Oz((n + 1)A)), where ¢ is the
inclusion of (n + 1)A in Z.

There is a natural isomorphism

K:H(n+1)A, F(E, F;n)) — H°(X, Diff(E, F)). (2.6)

To construct the isomorphism in (2.6), take any k € H((n+ 1)A, F(E, F;n)), and let u be a
holomorphic section of E defined over an open subset U of X. So the contraction (k, p5u) is a

section of pi F ) F(n) over pl_l (U); the contraction used here is the natural pairing of E with
E*. Therefore, using the projection formula p1.pj F = F Q(p1:Oz) = F we have

8(n)({«, pu)) € I'(U; F),

where the homomorphism 8 () is defined in (2.5). Finally, define the homomorphism /C in (2.6)
to be

K@) ) = 8(n)({k, p3u)).

The homomorphism K constructed this way is clearly an isomorphism.
The Poincaré adjunction formula says that the restriction of the line bundle Oz(A) to the
divisor A is identified with

NAZTAZ (piTX)|a

where N 4 is the normal bundle to A and T A is the (holomorphic) tangent bundle of A. Note
that the isomorphism of 7 A with N4 depends on the ordering of X x X; the flip isomorphism
(x,y) —> (¥, x) corresponds to multiplying the isomorphism Ny = T A with —1 (see [3, page
1315]). Now, the inclusion A < (n + 1) A defines a projection

F(E, F;n) — Hom(E, F) ® (TX)®"

where the vector bundle Hom(E, F)®(T X)®" over X is considered as a sheaf supported over the
reduced diagonal A C Z using the natural identification of X with A defined by x — (x, x).
Combining this projection with ! in (2.6) we get a homomorphism

HO(X, Diff}(E, F)) — H°(X, Hom(E, F) ® (T X)®"). 2.7

This homomorphism coincides with the symbol homomorphism o defined in (2.3).
Consider the de Rham differential (exterior derivative)

d: 0Ox — Ky (2.8)

which is a differential operator of order one. Using the isomorphism in (2.6), the differential
operator d gives a section

war € I'A; piKx ® p3Kx ® Oz(24)) (2.9)

over the nonreduced diagonal 2A. Using the Poincaré adjunction formula, the line bundle
(PTKx Q p3Kx @ Oz(2A))| 4 is canonically trivialized. Since the symbol of the differential
operator d is the constant function 1, the restriction of ¢4 to A coincides with the constant
function 1 (in terms of the canonical trivialization of pTK x ® p’z“ Kx ® Oz(12A) over A).
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3. Logarithmic connection and orbifold projective structure
3.1. Logarithmic connection

Let

¢
D=
i=1

be a reduced divisor on the compact Riemann surface X. So ¢; are distinct £ points on X. We do
not assume that £ # 0.

Let E be a holomorphic vector bundle over X. A logarithmic connection on E singular over
D is a first order differential operator

VIE—Kx0xD)®E
satisfying the Leibniz identity which says that
V(fs)=fV(s)+df ®s

where s (respectively, f) is any locally defined holomorphic section of E (respectively,
holomorphic function over X). Note that any logarithmic connection on a Riemann surface is
automatically flat as there are no nonzero holomorphic 2-forms on it.

The above condition that V satisfies the Leibniz identity is clearly equivalent to the condition
that the symbol of the differential operator V coincides with

Idg € H(X, Ox (D) ® End(E)),

where Idg denotes the identity automorphism of E.
Let v € E;, be a vector in the fiber of E over {; € . Let v be any holomorphic section of E
defined around ¢; such that v(¢;) = v. Consider

V@) (&) € (Kx ® Ox(D)), ®c E;; = C®c E;; = Ey

with (Kx @ Ox (D)), being identified with C using the Poincaré adjunction formula. Note that
if v = 0, then V(¥) is a (locally defined) section of Ky (X) E. So, in that case the evaluation
V()(¢;) € E; vanishes. Using this it follows that V(v')(¢;) is independent of the choice of the
section ¥ extending v. Consequently, we have a well-defined endomorphism

Res(V, ¢;) € End(Ey;)

that sends any v € E;, to V(v)(&;). This endomorphism Res(V, ¢;) is called the residue of the
logarithmic connection V at the point ¢;.
Take a point

xp€X =X\D

in the complement, and let y; € 71 (X', xo) be an element defined by a positively oriented loop
around ¢;. In other words, take a smooth orientation preserving diffeomorphism f of the closed
unit disk in C to X’ U {¢;} such that f(1) = x¢ and f(0) = ¢;. The image, under the map f, of
the unit circle in C with its anti-clockwise orientation represents y;. Let

A; € End(Ey,)
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be the monodromy of the flat connection V for y;. This automorphism A; is conjugate to
exp(—2m+/—1Res(V, ¢;)), that is, there is an isomorphism of E,, with E, that takes A; to
exp(—Zn«/—_lRes(V, ¢i)) [8, page 79, Proposition 3.11].

Consider the vector bundle Diff )1((E , E) over X. The exact sequence (2.4) becomes

0 —> End(E) —> Diff}(E, E) - TX ® End(E) —> 0 3.1)

where T X is the holomorphic tangent bundle of X. The vector bundle 7 X ®Ox End(E) has a
holomorphic line subbundle defined by 7' X ®<C Idg, which is identified with T X. Let

f:TXQR0x(-D) — TX (3.2)
be the natural inclusion homomorphism. The vector bundle
AYE) =0 (fo(TX ® Ox(-D)) ® Idg) C Diff\(E, E)

is called the Atiyah bundle, where fy and o are defined in (3.2) and (3.1) respectively [1]. So
(3.1) gives an exact sequence

0 —s End(E) — A(E) —> TX ® Ox(—D) —> 0 (3.3)

which is known as the Atiyah exact sequence.

Giving a logarithmic connection on a holomorphic vector bundle E is equivalent to giving a
holomorphic splitting of the Atiyah exact sequence constructed in (3.3). Indeed, a splitting of
the Atiyah exact sequence gives a homomorphism from 7X @) Ox (—D) to Diff )1( (E, E). This
homomorphism using the natural isomorphism

Diffy(E, E) ® (T X ® Ox(—D))* = Diff} (E, Kx ® Ox(D) ® E)

gives a differential operator defining a logarithmic connection on E. Therefore, a logarithmic
connection on E is a holomorphic splitting of the Atiyah exact sequence.

Consider the holomorphic section over 2A given by (2.6) for a differential operator defining a
logarithmic connection on E. Contracting this section with the dual of the section in (2.9) we get
a section of pi(Ox (D) Q E) @ p3E* over 2A. Using this construction, giving a logarithmic
connection on E is equivalent to giving a section of p}(Ox (D) Q E) & p5E* over 2A whose
restriction to A coincides with the section defined by Idg. This description of a logarithmic
connection is due to A. Grothendieck.

Now we will recall the definition of a second fundamental form.

Let E be a holomorphic vector bundle over X equipped with a logarithmic connection V and
F a holomorphic subbundle of E. Consider the composition

FosE-5 Ky ®O0x(M) ®E X Ky ® Ox(D) ® (E/F)

where ¢ is the natural projection of E to E/F. The Leibniz identity ensures that the above
composition homomorphism is Ox-linear. In other words, we have a homomorphism of vector
bundles

S(V, F) € H*(X, Hom(F, Kx ® Ox(D) @ (E/F))) 3.4)

over X. This homomorphism S(V, F) is called the second fundamental form of the subbundle F
for the connection V.
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3.2. Orbifold projective structure

Fix a function
w:D— N\ {1}, (3.5)

from the given subset D C X.

Let {U;}ic; be a covering of X by connected open subsets. Assume that #D N U; < 1 for each
i € I, that is, each U; contains at most one point from . If D N U; = @, by a holomorphic
coordinate function on U; we will mean an injective holomorphic map ¢; from an open subset
of CP! to U;, that is, a holomorphic isomorphism

¢ : Vi — Ui,

where V; is a connected open subset of CP. IfD N U; = ¢ j» then by a holomorphic coordinate
function on U; we will mean a holomorphic Galois (ramified) covering map

¢i Vi — U (3.6)
from some connected open subset V; € CP! such that

(1) the degree of ¢; is @ (), where @ is the function in (3.5);

(2) the Galois group of the covering ¢; is the cyclic group Z/w (¢;)Z;

(3) the map ¢; is unramified over U; \ {¢;}, and it is totally ramified over ¢; (the inverse image
of ¢; is a single point).

Recall that the Mobius group PSL(2, C) is the group of all holomorphic automorphisms
of CP'. An orbifold projective structure on X is defined by giving a covering {U;, ¢;}ics by
holomorphic coordinate functions (defined above) such that

(1) if DNU; = ¢;, then each deck transformation of the Galois covering map ¢; in (3.6) coincides
with the restriction of a Mobius transformation to V;;

(2) for each pair i,i’ € I and every connected simply connected open subset V. C qﬁ;l((U,- N
Ui) \ D), each branch of ¢, Lo ¢;» over V coincides with the restriction of some Mobius
transformation.

By a branch of qbi_l o ¢ we mean a holomorphic function f : V — CP! such that
¢,-/=q>,~ofonV.

Note that the second condition actually implies the first condition by setting i = i’. The first
condition implies that if one branch of ¢;” 'o ¢ over V coincides with the restriction of some
Mobius transformation, then every branch of q&i_l o ¢y over V coincides with the restriction of
some Mobius transformation.

Definition 3.1. Two such data {U;, ¢;}ics and {U;, ¢;}; <y satisfying all the above conditions are
called equivalent if their union {U;, ¢;}icjup also satisfies all the above conditions. An orbifold
projective structure on X is an equivalence class of such data.

If D = ¢, then an orbifold projective structure on X is called a projective structure (see [9,8]).
The following lemma says when X admits an orbifold projective structure.

Lemma 3.2. If £ .= #D = 0 (that is, D = (), then X admits an orbifold projective structure.
If £ > 1, then X admits an orbifold projective structure if and only if at least one of the
following three conditions holds:



1. Biswas / Journal of Geometry and Physics 56 (2006) 2345-2378 2353

(1) genus(X) > 1;
(2) £ = 3 and genus(X) = 0
3) £ =2, genus(X) =0 and @ (§1) = @ ($).

In other words, X does not admit an orbifold projective structure if and only if either
genus(X) =0=4¢—1,or genus(X) =0 =4£ — 2 withw (1) # @ ({2).

Proof. The uniformization theorem says that the universal cover X of X is biholomorphic
to either C or CP! or the upper half plane H. Consequently, the group of all holomorphic
automorphisms Aut(X) is contained in PSL(2, C) = Aut(CP'). Therefore the uniformization
theorem gives a natural projective structure on X if £ = 0.

Assume that £ > 1, and also assume that one of the three conditions in the statement of the
lemma holds. Under this assumption, a theorem due to Bundgaard-Nielsen and Fox says that
there is a finite Galois covering

y:Y —X 3.7

such that y is ramified exactly over the divisor D and, furthermore, the order of ramification over
each point §; € D is w (¢;) [12, page 26, Proposition 1.2.12]. A clarification about Proposition
1.2.12 of [12] is needed. The way Proposition 1.2.12 of [12] is stated it seems to mean that the
order of ramification over each ¢; is a multiple of @ (¢;). However, the proof of the proposition
shows that the order of ramification over each ¢; is exactly @ (¢;). See the last three lines in page
27 of [12]; from there it follows that the order of ramification over any ¢; is @ (;).

Fix a projective structure P on the compact Riemann surface Y in (3.7). For any holomorphic
automorphism F of Y, the pullback F* P is a projective structure on Y. We know that the space
of all projective structures on Y is an affine space for the vector space of all quadratic differentials
HOY, Kf?z) over Y [9, page 170, Theorem 19], [8, page 32, Proposition 5.8].

Let

G = Gal(y)
be the Galois group for the covering y in (3.7). Consider the convex combination
> F*P
FeG
P =
#G

(#G is the order of G), where the average is defined using the convex structure of the space of all
projective structures on Y. This projective structure P on Y is clearly left invariant by the action
of G on Y. We will construct an orbifold projective structure on X using P.

Let U be a connected simply connected open subset of Y left invariant by the action of G on
Y and

¢:V — U

a holomorphic isomorphism with V' c CP! compatible with the projective structure 7 on Y.
Consider the composition

yo¢:V — yU) C X.

All functions of the form y o ¢ obtained this way combine together to define an orbifold
projective structure on X. Indeed, that they define an orbifold projective structure on X is an
immediate consequence of the facts that P is left invariant by the action on Y of the Galois group
G and y is ramified exactly over D with @ (¢;) as the order of ramification over each ¢; € D.
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If genus(X) = 0 and £ = 1, then the complement X’ := X \ D is simply connected. So, in
that case if P is an orbifold projective structure on X, then there is a holomorphic coordinate
function compatible with P that defines an isomorphism of X’ with C := CP! \ {oo}. Therefore,
this holomorphic coordinate function extends to a holomorphic map from CP' to X which is
ramified exactly over {; = I with the order of ramification being @ (¢;). Since such a map
does not exist (recall that @ (¢;) > 1), we conclude that X does not admit an orbifold projective
structure.

If genus(X) = 0 and ¢ = 2, then 7 (X’) = Z. Hence the simple loops around ¢; and ¢, are
homotopic (with opposite orientation). From this it follows that if X admits an orbifold projective
structure, then @ (£1) = @ (&2). This completes the proof of the lemma. O

Henceforth we will always assume that one of the following is valid:

() £=0;

(2) £ > 1 and genus(X) > 1;

(3) £ = 3 and genus(X) = 0;

(4) genus(X) =0 with £ =2 and @w (1) = @ ($2).

So, by Lemma 3.2, the Riemann surface X admits an orbifold projective structure.

Lemma 3.3. The space of all orbifold projective structures on the Riemann surface X is an
affine space for the vector space H(X, Ox (D) @ K ?2), the space of all meromorphic quadratic
differentials on X with at most simple poles at the points of the divisor D.

Proof. As was noted earlier, the space of all orbifold projective structures on the Riemann surface
X is nonempty. If £ = 0, then the lemma is well known [8, page 32, Proposition 5.8]. So assume
that £ > 1.

Let P; and P, be two orbifold projective structures on X. So, over the complement X’ :=
X \ D, the restrictions of P; and P, (to X”) differ by a holomorphic section

6 e HOX', K%

[8, page 32, Proposition 5.8]. We will show that 6 extends to a holomorphic section of
Ox(M) QR K?z over X.

Fix a covering y as in (3.7). We will show that the orbifold projective structure P;, i = 1, 2,
on X gives a projective structure P; on the covering surface Y. The projective structure P; is in
fact defined as done in the proof of Lemma 3.2. In other words, if ¢ : V — U is a holomorphic
coordinate function from a connected simply connected open subset V. CP! to U C X
compatible with respect to the orbifold projective structure P;, then ¢ lifts to a biholomorphic
map

oV —y ' cy i)
such that y o ¢ = ¢, where y~'(U)? is any connected component of y ~!(U). The existence

of such ¢ follows from the fact that the ramifications of Yly-1@)o and ¢ are identical. The

holomorphic coordinate functions ¢ obtained this way define the projective structure P; on Y.
From this construction of P; it is immediate that P; is left invariant by the action of the Galois
group GonY.

So P and P; differ by

6e HOY,K$HY c HO(v, K%,
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where HO(Y, K ?2)6 denotes the space of all quadratic differentials on Y that are invariant under
the action of G on Y. Note that over y "1 (X’) we have 6 = y*6.

Let D := {z € C| |z|> < 1} be the open unit disk and v/ (z) = Z¥ the degree k self-map of D,
where k > 1. If w is a quadratic differential on D invariant under the action of the Galois group
Z]kZ for i, then w descends, by the map ¥, to a quadratic differential with at most a simple
pole at 0. In other words, ® = ¥*@’, where ' is a meromorphic quadratic differential on D
with pole only at 0 of order at most one. Indeed, this follows immediately from the fact that an
invariant quadratic differential w on the disk must be of the form z — £ (z¥)z¥~2dz®?, where
f is a holomorphic function on D.

From the above observation it follows immediately that

HO(Y, K$%)¢ = HO(X, Ox(D) ® K$). (3.8)

In particular, the holomorphic quadratic differential & on X’ = X \ D extends to X as a
holomorphic section of Ox (D) ® Kf?z. This extended section over X corresponds to 6 by
the isomorphism in (3.8). Therefore, any two orbifold projective structures on X differ by a
holomorphic section of Ox (D) Q) K ?2.

For the converse direction, we first recall that the space of all orbifold projective structures
on X is nonempty. Now, for any w € HO(X, Oy DR Kf?z), the isomorphism in (3.8) gives
we H(Y, K f}’ )G a G-invariant quadratic differential on Y. So using the affine space structure
of the space of all projective structures on Y, the projective structure P on Y constructed earlier
from P; and the quadratic differential @ on Y together give a projective structure P on Y. Since
both P and @ are G-invariant, the projective structure P is also left invariant by the action of G
on Y. Therefore, P gives an orbifold projective structure P on X whose construction is described
in the proof of Lemma 3.2.

Sending any pair (P, w) to P we conclude that the space of all orbifold projective structures
on X is an affine space for the vector space H 0x,0x M) R K 5‘?2). This completes the proof of
the lemma. O

The above lemma implies that the space of all orbifold projective structures on X is a complex
affine space of dimension

(1) 3(genus(X) — 1) + #D if genus(X) > 1;
(2) #D if genus(X) = 1 and #D > 1,

(3) lif genus(X) = 1 and #D = 0;

4) #D — 3 if genus(X) = 0 and #D > 4;
(5) Oif genus(X) = 0 and #D < 3.

4. Projective structure and connection

In this section we will describe projective structures on a compact Riemann surface using
connections. Throughout this section D will be the empty set (the zero divisor).

A holomorphic connection V on a rank two holomorphic vector bundle V over X is called a
SL(2, C)-connection if the monodromy of V is contained in SL(2, C). So the line bundle /\2 %
is trivial if V admits a SL(2, C)-connection.

A SL(2, C)-structure on X is a triple (V, V, &), where V of rank two holomorphic vector
bundle over X equipped with a SL(2, C)-connection V and & C V a holomorphic line subbundle
such that the second fundamental form (defined in (3.4))

§ — Kx®(V/§)
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is an isomorphism. Since /\2 V = Oy, this implies that .§®2 = Ky, that is, £ is a theta
characteristic on X.

A SL(2, C)-structure gives a projective structure as follows. For any connected simply
connected open subset U C X, using the connection V the restricted vector bundle V|y can
be trivialized. Once we fix such a trivialization, the line subbundle &|; defines a holomorphic
map of U to CP'. The above condition on the second fundamental form ensures that this is an
embedding. Using these maps as coordinate charts, a projective structure on X is obtained.

Every projective structure comes from some SL(2, C)-structure. Given any projective
structure P on X, the space of all SL(2, C)-structures on X that give rise to P is in a natural
bijective correspondence with the space of all theta characteristics on X [9, page 193, Lemma
28]. The theta characteristic corresponding to a SL(2, C)-structure (V, V, &) is &. There are
exactly 22 theta characteristics on X, where g is the genus of X.

For a SL(2, C)-structure (V,V, &) as above, we have V = J!(V/&). To construct the
isomorphism, take any point x € X and v € V,. Let s, be the unique flat section (for the
connection V) of V defined in a neighborhood of x such that s,(x) = v. Let v’ € J'(V /&), be
the vector defined by the section ¢ (s,) of V /&, where ¢ : V — V/£ is the quotient map. The
isomorphism V = J!(V/£) is defined by sending any v to v’ constructed above.

Conversely, for any holomorphic line bundle ¥ over X with 9%> = K X '= TX, the jet
bundle J!(¢) admits holomorphic connections with monodromy contained in SL(2, C) (note
that /\2 J1(®) = Oy). Furthermore, any SL(2, C)-connection on J! () defines a SL(2, C)-
structure on X, provided g # 1.

Although the above description of a projective structure using connection involved the choice
of a theta characteristic, the constructions can be suitably modified to get rid of such a choice.
This will be explained below.

Let ¢ be a holomorphic line bundle over X with £®2 = Oy. The line bundle ¢ has a natural
homomorphic connection V4. A (locally defined) section s of ¢ is flat with respect to V¢ if and
only s ® s is a constant function. Note that after fixing an isomorphism of ¢®2 with the trivial
line bundle, s ® s gives a holomorphic function; the condition that this is a constant function does
not depend on the choice of the isomorphism. This condition on V¢ determines the connection
V¢ uniquely.

Let W be a holomorphic vector bundle over X. Using the connection V¢ we have a natural
isomorphism

JWYQc=ZJ (W0 4.1)

for each i > 1. To construct this isomorphism, note that given any holomorphic section s’ of
W & ¢ over a connected simply connected open subset of X, we have

s’ =50®s,

where s is a holomorphic section of W and s is a flat section of ¢. Now, so ® s defines a section
of J(W) ® ¢. Since any two flat sections of ¢ over a connected simply connected open subset of
X differ by multiplication with a constant scalar, it follows immediately that the homomorphism
JI W& ¢) — J (W) ¢ that sends the section of J/ (W ) ¢) defined by s’ to the section of
JLW) Q) ¢ defined by so ® s is well defined. This homomorphism evidently is an isomorphism,
and this is the isomorphism in (4.1).

Consequently, using (4.1) we have a canonical isomorphism

End(J' (W ® ¢)) = End(J' (W) ® ¢) = End(J' (W)).
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This isomorphism induces an isomorphism
ad(J' (W ® £)) = ad(J' (W) ® ¢) = ad(J (W),

where ad(J/ (W ® ¢)) C End(JY(W ® ¢)) and ad(J'(W)) C End(J/(W)) are the subbundles
defined by trace zero endomorphisms.

Consequently, for a SL(2, C)-structure (V, V, &), the holomorphic vector bundle ad(V)
does not depend on the choice of the SL(2, C)-structure. More precisely, as V = J!(V /&),
if (V/,V', &) is another SL(2, C)-structure, then the vector bundle ad(V) is canonically
isomorphic to ad(V’).

Let Vj be a holomorphic vector bundle over X. Let ad(Vp) C End(Vp) be the subbundle
defined by trace zero endomorphisms. For any integer k > 1, we denote by Sym* (V;) the vector
bundle defined by the k-th symmetric power. If Vj is of rank two with /\2 Vo = Oy, and if we fix
a trivialization of /\2 Vo, then the vector bundle Symz(Vo) is canonically isomorphic to ad(Vjp).
Indeed, a trivialization of /\2 Vo gives a nowhere vanishing section s € HO(X, /\2 V). Now for
any w € Sym?(Vp)x, we have w’ € ad(Vp), defined by

w'(v) = ((s(x), v), w) € (Vo)x,

for all v € (Vp),; here (—, —) denotes the contraction using duality pairing. The homomorphism
defined by w —> w’ is an isomorphism of Symz(Vo) with ad(Vjp).

Let (V, V, &) be a SL(2, C)-structure. So /\2 V is isomorphic to the trivial line bundle over
X. Fix a trivialization of this line bundle. The above remark shows that Symz(V) = ad(V). The
following proposition shows that there are isomorphisms

Sym?(V) = JX(TX) = ad(V).

Proposition 4.1. A projective structure on X induces an isomorphism of J*(TX) with
ad(J ' (€*)), where & is any theta characteristic on X.

Proof. Using the canonical isomorphism in (4.1) we already know that if £ and & are two theta
characteristics on X, then ad(J' (£*)) is canonically isomorphic to ad(J 1 (Si" ).

Let Wy be a complex vector space of dimension two. Let sl(Wy) C End(Wj) be the subspace
of trace zero endomorphisms, which is the Lie algebra of SL(Wj).

Let P(Wp) be the projective line parametrizing all one-dimensional quotient spaces of Wj.
Consider the induced action of SL(W) on P(Wy). Using this action, an element in the Lie algebra
sl(Wy) gives a holomorphic vector field on P(Wj). In other words, we have a homomorphism

f i sl(Wo) — HO(B(Wp), TP(Wp)) (4.2)

which is in fact an isomorphism.

Using f in (4.2), the jet bundle J 2(TP(Wp)) gets identified with the trivial vector bundle
P(Wp) x sl(Wp) over P(Wy) with fiber sl(Wp). To explain this, first note that there is a natural
homomorphism fy from the trivial vector bundle over P(Wy) with fiber H O(P(Wy), TP(Wp))
to the vector bundle J2(TP(Wp)). This homomorphism f is defined by restricting global
sections of TIP(W)j) to the second order infinitesimal neighborhood of points of P(Wy). Since
degree(TPP(Wy)) = 2, a section of TP(Wy) vanishing on the second order infinitesimal
neighborhood of any given point actually vanishes identically. From this it follows immediately
that the above homomorphism fy is an isomorphism. Now using fy o f the jet bundle
J2(TP(Wp)) gets identified with the trivial vector bundle over P(Wy) with fiber sl(Wy), where
f is defined in (4.2).
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Let
Ip : JA(TP(Wp)) — P(Wp) x sl(W) 4.3)

be the isomorphism of vector bundles over P(Wy) constructed above.
Consider the natural action of the automorphism group

Aut(P(Wp)) = PGL(Wp) = GL(W;)/C*

on P(Wy). The action lifts to an action on JZ(TP(Wy)) in an obvious way. Equip the vector
bundle P(Wy) x sl(Wp) with the diagonal action of Aut(P(Wy)) with Aut(P(Wy)) = PGL(Wy)
acting on its Lie algebra sl(Wy) through inner conjugations. The isomorphism Ip in (4.3)
evidently commutes with the actions of Aut(IP(Wy)) on the two vector bundles.

Let Op(w,) (1) be the tautological line bundle over P(Wp) whose fiber over a point of P(Wj)
is the quotient line represented by the point. The jet bundle J' (Opaw,) (1)) is identified with the
trivial vector bundle P(Wy) x Wy over P(Wy) with fiber Wy. Indeed, we have

HO(P(Wp), Opw,) (1)) = Wo,

and the isomorphism of P(Wy) x Wy with J ! (Opqw,) (1)) is obtained by restricting global sections
of Op(w,) (1) to the first order infinitesimal neighborhood of any given point of P(Wy).

The above isomorphism of J 1(O]p>(W0)(l)) with P(Wy) x Wy gives an isomorphism of
ad(J 1(O[p>(w0)(l))) with P(Wp) x sl(Wp). Combining this isomorphism with the isomorphism
Ip in (4.3) we obtain an isomorphism

Ip JHTP(Wp) — ad(Jl(O]p(WO)(l))). 44
Note that GL(Wp) has a natural action on Op(w,)(1). The induced action of GL(Wy) on
ad(J 1 (Opwy) (1)) clearly descends to an action of PGL(Wy) on ad(J!(Opgw,)(1))). The
isomorphism in (4.4) evidently commutes with the actions of PGL(Wj) on the two vector
bundles.
Fix a projective structure on X, and fix a theta characteristic £ on X. Also, fix an isomorphism
OIP’(WO) 2) = TP(Wy). Let
¢:PWy) DV — U CX
be a biholomorphism as in (3.6) compatible with the given projective structure. Fix an
isomorphism
Y Ey, — ¢ Opw, (1)
such that
y®y =dy : TUy — ¢*"TP(Wp);

recall that £* ® £* = T X and Opw,(2) = TP(Wy). Note that there are exactly two choices,
namely £y, that satisfy this condition on y.
The above isomorphism y induces an isomorphism
J') ad(JNE Ny, — ¢*ad(T (Opawy (D). (4.5)

Since the differential dy : TU; —> @*TP(Wy) is an isomorphism, it induces an
isomorphism

J2(dy) : JATX) |y, —> ¢*J>(TP(Wp)).
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Therefore, we have an isomorphism
V=) ¢ I o IP(dy) : THT X))y, — ad(J EM)], . (4.6)

where IﬁD and J'(y)’ are constructed in (4.4) and (4.5) respectively.

Since the isomorphism IH’) in (4.4) is equivariant for the actions of PGL(Wj), and any two
choices of y differ by multiplication with %1, it follows immediately that the isomorphism
7 does not depend neither on the choice of the coordinate function ¢ (compatible with the
given projective structure) nor on the choice of y. Also, 7 does not depend on the choice of
the isomorphism Op ) (2) = TP(Wp).

Consequently, the locally constructed isomorphisms ¥ in (4.6) patch together compatibly to
define a global isomorphism

Ix : JA(TX) — ad(J'(£%))
over X. This completes the proof of the proposition. [

Let £ be a theta characteristic on X. We noted earlier in this section that a projective structure
on X gives a holomorphic connection V on J 1(E*) so that (J l(é*), V, &) defines a SL(2, C)-
structure. The connection V on J'! (&*) induces a holomorphic connection on ad(J ! (€%)).

Proposition 4.2. A projective structure on X gives a holomorphic connection on the jet bundle
JX(TX).

For a theta characteristic § on X, the isomorphism JHTX) ad(]l(é*)) constructed in
Proposition 4.1 using a projective structure P on X takes the connection on J*(T X) to the
holomorphic connection on ad(J' (€*)) defined by P.

Proof. A projective P on X gives a holomorphic connection Dg on J L(€*), where & is a theta
characteristic on X. The connection D induces a connection on ad(J L(£*)), which, using the
isomorphism in Proposition 4.1, gives a holomorphic connection on J%(T X). We need to show
that this connection on J2(7 X) does not depend on the choice of &.

If & is another theta characteristic on X, then & = & (X) ¢, where ¢ is a holomorphic line
bundle with ¢®% = Ox. We noted earlier that ¢ has a natural holomorphic connection and

T'EH=J'EHet
(see (4.1)).
Consider the connection on J 1("5 *) @ ¢ defined by the connection Dg on J 1(§ *) and the

natural connection on ¢. The connection D¢ on J 1(51* ) defined by the projective structure

P is sent to this connection on J!(&*) ) ¢ by the above isomorphism. From this it follows
immediately that the connection on

ad(J' (&) = ad(J' (%) ® ¢) = ad(J (%))

constructed using Dg coincides with the one constructed using Dg,. In other words, the
connection on J2(TX) = ad(J'(£*)) does not depend on the choice of £. This completes the
proof of the proposition. [

The map constructed in Proposition 4.2 from the space of all projective structures on X to
the space of all holomorphic connections on J?(T X) is injective. To prove this we recall that
the projective structures on X are identified with the space of all holomorphic connections on
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the projective bundle P(J 1(l‘})), where 9 is a fixed line bundle with 9®2 = T X. Therefore, the
space of all projective structures on X is naturally embedded into

R := Hom(m (X), PSL(2, C))/PSL(2, C),

where the embedding sends a projective structure to the monodromy of the corresponding flat
connection on P(J!(#)). Since the adjoint action of PSL(2, C) on its Lie algebra sl(2, C) is
faithful, the map from the space of all projective structures on X to the space of all holomorphic
connections on ad(J ' (¥)) = J2(TX) is injective.

Our aim in the rest of this section is to identify the connections on J 2(TX ) that arise from
projective structures.

Let P be a projective structure on X and D the corresponding holomorphic connection on
J 2(TX ) constructed in Proposition 4.2.

Note that /\3 JAE(TX) = Oys; it follows from (2.1). The connection on /\3 JA(T X) induced
by the connection D on J 2(TX) is the trivial connection, that is, the induced connection has
trivial monodromy. Indeed, this follows immediately from the fact that the connection D is
induced by a PSL(2, C)-connection on P(J L)) using the isomorphism in Proposition 4.1,
where ¥ is a theta characteristic on X.

A holomorphic connection Dy on J>(T X) gives an endomorphism of the vector bundle
J2(T X). We will construct this endomorphism.

Take a point x € X and a vector v € J 2(TX )x in the fiber over x. Let s, be the (unique) flat
section for the connection Dy on J2(T X) defined around a connected simply connected open
subset U C X with x € U and satisfying the condition s, (x) = v. Let p(s,) be the holomorphic
section of T U, where

p:JHTX) — TX 4.7
is the composition JHTX) — JYNTX) — TX constructed using (2.1). Let
w e JHTX),

be the vector defined by the section p(s,). Now we have a homomorphism of vector bundles
Fp, : JA(TX) — JX(TX) (4.8)

that sends any v to w constructed above from v.
The following lemma is straight-forward.

Lemma 4.3. For the holomorphic connection D on J*(T X) arising from a projective structure
P on X, we have Fp = Isz(TX), where Fp is constructed in (4.8).

Proof. Consider the isomorphism of vector bundles
Jp : B((Wo) x HO(B(Wo), TP(Wp)) —> J*(TP(Wp)) 4.9)

constructed earlier; see the construction of Ip in (4.3). We recall that Jp sends a vector field
on P(Wy) to the restriction of it to the second order infinitesimal neighborhood of the points of
P(Wp).

Note that the flat connection J 2(TIP’(W0)) for the standard (unique) projective structure on
P(Wp) coincides with the one obtained from the trivialization of JZ(TP(W,)) defined by the
isomorphism Jp in (4.9). In other words, flat sections of J 2(TP(Wp)) are precisely the global
vector fields on P(Wp) (by the isomorphism Jp).
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Consequently, the lemma is valid for the standard projective structure on P(Wj).

Since the connection D on J?(T X) is constructed by patching together the pull backs of the
connection on J2(TP(Wy)) by holomorphic coordinate functions compatible with P, the fact
that the lemma is valid for the standard projective structure on P(Wj) immediately implies that
it is also valid for the projective structure P on X. This completes the proof of the lemma. O

The connection D is compatible with the Lie bracket operation of vector fields. This will be
explained next.
As before, let D be any holomorphic connection on J 2(TX). Let

st € HY(U, JX(TU)) (4.10)
be flat sections on an open subset U C X for the connection Dg. So
p(s), p(t) € H'(U, TU)

are holomorphic vector fields on U, where p is the projection in (4.7). So the Lie bracket [s, 7]
is a holomorphic vector field on U. Let

Do([s, t]) € H(U, JA(TU)) 4.11)

be the section over U defined by the Lie bracket [p(s), p(¢)].
The following lemma is also straight-forward.

Lemma 4.4. For the connection D on J 2(T X) arising from a projective structure P on X, the
section D([s, t]) constructed as in (4.11) using D is flat with respect to D, where s and t as in
(4.10) are flat sections with respect to D.

Proof. Since the Lie bracket of two globally defined holomorphic vector fields on P(Wp) is again
a globally defined holomorphic vector field, and the isomorphism Jp in (4.9) takes the connection
on J2(TIP(Wp)) to the trivial connection on the trivial vector bundle P(Wy) x HO(P(Wp)) it
follows that the lemma is valid for the connection on J 2(TIP’(WO)) arising from the standard
(unique) projective structure on P(Wp). Now for the same reason given in the proof of
Lemma 4.3, the fact that the lemma is valid for the projective structure on P(W) implies that it
is valid for the projective structure P on X. This completes the proof of the lemma. O

Theorem 4.5. Let Dy be a holomorphic connection on J*(T X). This connection corresponds
to a projective structure on X (by Proposition 4.2) if and only if the following three conditions
hold:

(1) the connection on /\3 JA(TX) = Oy induced by Dy coincides with the trivial connection
on the trivial line bundles;

(2) the homomorphism Fp, in (4.8) is the identity automorphism of JZ(TX);A

(3) for any two flat sections s, t as in (4.10) with respect to Dy, the section Dy([s, t]) in (4.11)
is also flat with respect to Dy.

Proof. We noted earlier that a connection on J2(T X) arising from a projective structure on
X induces the trivial connection on the trivial line bundle /\3 J 2(TX ). Combining this with
Lemmas 4.3 and 4.4 we conclude that a connection on J2(T X) arising from a projective structure
on X satisfies all the three conditions in the statement of the theorem.

Let Dy be a holomorphic connection on J 2(TX) satisfying the three conditions. We will
construct a projective structure on X using Dy.
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We first note that the third condition implies that the fibers of J>(T X) are equipped with a
Lie algebra structure. To prove this, take any point x € X and two vectors v, w € J2(T X), in
the fiber over x. Let s (respectively, ¢) be the unique flat section of J?(7 X) defined around x, for
the connection Dy, such that s(x) = v (respectively, (x) = w). Sending the ordered pair v, w
to Do([s t])(x) we get a Lie algebra structure on the fiber J2(TX)X, where Do is as in (4.10).

The Lie algebra structure on J 2(TX )x will be denoted by [—, —]. We will now show that this
three dimensional Lie algebra J 2T X), is isomorphic to sl(2, C).

Let

0— Ky — JXTX) -L JYTX) — 0 (4.12)

be the exact sequence constructed in (2.1). If (fi(z) + z3g1(z))% and (f2(z) + z3g2(z))% are
two vector fields defined around 0 € C, where fi, f> are polynomials of degree at most two,
then the Lie bracket

3 k3 3 9 9 K TN
(f1(2) +z gl(z))8 , (f2(2) +2782(2)) =| 1@, f2(2) +27g(2)
z 9z 0z 0z 0z

where g is a polynomial. Furthermore, given any polynomial /(z) of degree at most one, we can
find f7 and f2 as above (of degree at most two) with

|
|:fl (@) — fz(Z)—] = h(Z)a_'
z
Therefore, the second condition in the theorem implies that

qUIA(TX)y, JHT X)) = JN(TX), (4.13)

for the Lie algebra structure defined on J2(T X), by Dy, where g is the projection in (4.12). The
second condition implies that given any o € J2(T X),, we can find a flat section s of J2(T X)
defined around x such that the section p(sy) restricts to o, where p is the projection in (4.7).
Hence (4.13) is valid.

On the other hand, we have

0 d d d
[(z + 2381(2))8—, >+ z3g2(z))—] =22 — +530)—.
z 0z 0z 0z

This, using the second condition in the theorem, immediately implies that
JATX)x D kerel(q(x)) C [J(TX)x, J2(TX)x],

where ¢ (x) is the projection in (4.12).
The inclusion kernel(g (x)) C [J>(T X),, J*(T X),] and (4.13) together imply that J2(T X),
is spanned by the subset

[J2(TX)y, JXH(T X)) C JHTX)y.

It is a straight-forward exercise to check that this implies that J>(7 X), is isomorphic to sI(2, C).
Indeed, the facts that [J2(TX),, J2(T X),] spans JA(TX), and dim JZ(TX)X = 3 together
imply that the Lie algebra J?(7 X), does not have any nonzero nilpotent ideal.

Take any point x € X. Let 0 # v € J>(TX), be a nonzero nilpotent element of the Lie
algebra satisfying the condition that

v  kernel(q(x)) C J2(TX)x,
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where ¢ is the projection in (4.12). To show that there exists such v, note that any nonzero

nilpotent element in sl(2, C) is conjugate to the strictly upper triangular 2 x 2 matrix with 1

as the (1, 2)-th element. So the nilpotent elements constitute a one parameter family of lines in

J2(T X). Therefore, there are nilpotent elements in the complement J 2(TX), \ kernel(g (x)).
We will show that

0+# px)(v) e Ty X (4.14)

with p as in (4.7). For this note that for any a, b € C we have

2, 3 9 2,3 O 20 a8
(az+bz"+72°81(2)—, (2 +2782(2)) =az +z7g3(2)—.
0z 0z 0z 0z

In view of the second condition in the theorem, this immediately implies that for any
w € kernel(p(x))

(p is defined in (4.7)) the line
kernel(q(x)) C [J2(TX)x, JH(TX)x]

(g is defined in (4.12)) is contained in an eigenspace for the adjoint action of w on J 2(TX )xs the

adjoint action on kernel(g (x)) of the element in kernel(p(x)) defined by (az + b2 +z g1 (z)) 32

(with respect to a holomorphic coordinate function z around x) is multiplication by a.
Consequently, no element in the complement

kernel(p(x)) \ kernel(g(x)) C JZ(TX)X

is nilpotent. Indeed, each element in the above complement has a nonzero element in
kernel(g(x)) as an eigenvector for the adjoint action; on the other hand, the adjoint action of
a nonzero nilpotent element w € sl(2, C) has exactly one eigenspace, namely the line spanned
by w.

Therefore, we conclude that (4.14) holds.

Let s, be the (unique) flat section of J 2(T X) defined around x (for the connection Dy) that
satisfies the condition s, (x) = v. Since p(v) # 0, there is a simply connected neighborhood U
of x such that for all y € U we have p(sy(y)) # 0. There is a unique holomorphic coordinate
function

z:U —C (4.15)
such that

)

Frie p(sy) € H(U, TU) (4.16)

with z(x) = 0 (we may need to shrink U to define the coordinate function).

We will construct a projective structure on X using the coordinate function defined as above
around each point of X.

For this first note that there is a unique isomorphism of Lie algebras

Fy: JX(TX), — sl(2,C) 4.17)

such that

_ (0 1
Fy(v)=A:= (0 O) (4.18)
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and F,(kernel(g(x))) is the line in sl(2, C) spanned by the transpose A, where A is defined in
(4.18).
Now, take any v" € J 2(T X), that satisfies the conditions for v. In other words, v’ is a nilpotent
element of the Lie algebra J 2(TX )y With
0 # v’ ¢ kernel(g(x)).

There is a unique element

T € PSL(2,C) (4.19)
which is the image of an element of the form
¢ 0) cs1e 0 (4.20)
b c ’ ’

such that Ad(T)(A) := TAT~! = F,(v'), where F, and A are defined in (4.17) and (4.18)
respectively.

Define s,/ exactly as s, was defined. In other words, s, is the (unique) flat section of J2(T X)
defined around x (for the connection Dy) such that s,/ (x) = v’. Let

7:U—C
be the unique holomorphic coordinate function (as in (4.15)) around x with

il
— = p(sy) € HO(U, TU)
a7/
(as in (4.16)) with z'(x) = 0.
Now it is straight-forward to check that

7 =Toz,

where T is defined in (4.19). In other words, if T is the image of the matrix in (4.20), then
7 =az/(bz +¢).

Since the coordinates z and 7’ differ by a Mobius transformation, we get a projective structure
on any infinitesimal neighborhood of x. This projective structure is defined by z, and the
projective structure does not depend on the choice of v.

To prove that this defines a projective structure on X, we need to show that for any y € ¥ and
a neighborhood Uy, on y equipped with the projective structure constructed as above using Dy,
the two projective structures on U N Uy, coincide.

To prove this, consider the vector field p(s,) on U (see (4.16)). If instead of z we take another
holomorphic coordinate function z; as in (4.15) satisfying the condition (4.16) but with z; (x) = ¢
which need not be zero, then clearly,

21 =2+c.

Now z —> z-+c is also a projective transformation. In other words, both the coordinate functions
z1 and z define the same projective structure on a neighborhood of x. Also, a composition of
projective transformations is also a projective transformation. Consequently, the locally defined
projective structures patch together compatibly to define a projective structure on X.

Let Py denote the projective structure on X constructed above from Dy. It is straight-
forward to check that the connection on J2(T X) defined by Py using Proposition 4.2 coincides
with Dg. Just note that these two connections coincide over the domain U in (4.15); both of
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these connections over U coincide with the connection on J2(TCP') defined by the projective
structure on TCP'.

If Dy is defined by a projective structure P on X (using Proposition 4.2), then the projective
structure constructed (as above) from Dy clearly coincides with P. This completes the proof of
the theorem. O

In the next section, using Theorem 4.5 we will give an alternative description of an orbifold
projective structure.

5. Orbifold projective structure and connection

We now return to the general case where D = Zle ¢i need not be the empty set.
Let J]%)(TX ) denote the kernel of the projection

2 P _
JATX) 5 TX — m =P (5.1)

i=1

where fp and p are as in (3.2) and (4.7) respectively. Therefore, we have an exact sequence of
coherent sheaves

4
0 — JH(TX) — JXTX) — P T X — 0 (5.2)
i=1

over X.
From (5.1) it follows that

kernel(p) C J3(T X). (5.3)
For any ¢; € D, let
Fp C (Jp(T X)) (5.4)

be the image of the fiber (kernel(p));; by the inclusion homomorphism in (5.3). Now consider
the line

(Kx)¢; = kernel(q (&) € JAH(TX)y,,

where ¢ is the projection in (4.12). The image of (Kx),; by the homomorphism in (5.3) defines
a line

F, C F; C (J3(T X))y (5.5)

with F2 defined in (5.4).
On the other hand, we have

JHTX)®0, Ox(-D) C JA(TX)

and the image of the fiber (J2(T X) ®(’)x Ox(=D)),, is a line

Gy C JE(TX)y,. (5.6)
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It is easy to see that
2 2
JA(TX), = F2 & Gy, (5.7)

where F’ 5 and G, are defined in (5.4) and (5.6) respectively.

Let V be a logarithmic connection on the vector bundle JH%)(TX ) singular over the divisor ID.
Let

Res(V, ¢;) € End(J3(TX)s,)
be the residue of V over ¢;.

Definition 5.1. We will say that a logarithmic connection V on Jﬁ(TX ) singular over D satisfies
the residue condition if for each ¢; € I the following three conditions hold:

(1) the residue endomorphism Res(V, ¢;) of the fiber JH%)(TX )¢; preserves the decomposition in
(5.7), and Res(V, ¢;) acts on the line G, as multiplication by 1/z (¢;) (the function @ is
defined in (3.5));

(2) the endomorphism of F; 5 defined by Res(V, ¢;) preserves the line F’ ;1, in (5.5), and it acts on

Ffl, as multiplication by (@ (§;) — 1) /@ (&i);
(3) the residue Res(V, ¢;) induces the zero endomorphism of the quotient F, 5 /F {l, .

Note that if V satisfies the residue condition then Res(V, ;) is semisimple, that is, J]]%)(TX )
is generated by the eigenvectors of Res(V, ¢;).

Let V be a logarithmic connection on Jﬁ)(TX ) singular over . Take a point x € X' := X \ D
and take a vector v € Jﬂ%(TX)x. Let s, be the (unique) locally defined flat section, for the

connection V, of JH%)(TX ) with s,(x) = v and defined on some connected open subset U
containing x. Let po(s,) be the holomorphic section of TU, where

po: JA(TX) — TX ®0, Ox(~D) (5.8)

is the restriction to Jﬁ(TX) of the projection p in (4.7). Let w € JA(TX), be the vector
defined by the vector field po(sy); note that on X’ the two vector bundles Jﬁ(TX) and

TX ®(9x Ox (—D) are identified with the vector bundles J2(7 X) and T X respectively.
Now we have a homomorphism of vector bundles

Fy : JA(TX) — J3(TX) (5.9)

over X’ that sends any v to w constructed above from v.
Similarly, as done in (4.11), given any two flat sections (for V)

s,t € HO(U, J5(T X))
defined over some open set U C X’, The Lie bracket [ po(s), po(t)] gives a section

Dy([s, 1) € H(WU, J3(TX)), (5.10)
where po is the projection in (5.8).

Since /\3 JATX) = Oy, using (5.2) it follows that

3
N\ J5(TX) = Ox(~D).
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The line bundle Ox (—D) has a canonical logarithmic connection singular over D. Indeed, the de
Rham differential operator in (2.8) defines the connection operator

d: Ox(-D) — Kx.
This connection on Oy (—D) is nonsingular over X’ and its residue on each ¢; € D is 1.

The following theorem follows from Theorem 4.5 and the use of a covering surface.

Theorem 5.2. There is a natural bijective correspondence between the space of all orbifold
projective structures on X and the space of all logarithmic connections V on J]]%)(TX ) singular
over D satisfying the residue condition and also satisfying the following three conditions:

(1) the logarithmic connection on /\3 Jﬁ(TX) = Ox(—D) induced by V coincides with the
canonical logarithmic connection on Ox (—D);
(2) the endomorphism

Fy : I3 (TX)|x — J5(TX)|x

defined in (5.9) is the identity map;
(3) the section

Dy (ls, 1)) € H'(U, JA(T X))
in (5.10) is flat with respect to V for any flat sections s, t € HOU, JH%)(TX)) withU C X'.
Proof. Consider the Galois covering y : Y — X constructed in (3.7). For any i € [1, £], let
im0 Grea CY

be the set-theoretic inverse image. Set

14
W = y*J5(TX) ®0, Oy (Z(w(;» - 1>y,»> (5.11)

i=1
to be the vector bundle over Y, where @ is the function in (3.5).
For any i € [1, £], consider the quotient space

T X)y

I = Fé_ll @ th ’
where F' ;l, and Gy, are defined in (5.5) and (5.6) respectively. So Q; is a quotient of the sheaf
JH%)( T X) supported on the reduced point ¢;. Therefore,

¢
0; =y (0 ®o, Oy (Z(W(Q) - 1))’i>

i=1

is a quotient of the sheaf W (defined in (5.11)) supported over the nonreduced divisor y‘l &) =
@ (¢;)y; of Y. This quotient map will be denoted by g;.
Let Ei denote the restriction of the sheaf Q; to the subscheme

(@ (&) — Dy C@(&i)yi.

So we have a natural projection

fi: 0} — 0. (5.12)
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Let
& CW (5.13)

be the kernel of the composition

4
B4

g g

(recall that g; : W —> Q; is the quotient map), where f; is defined in (5.12).
Now, for any i € [1, £], consider the quotient space

Zg,

JI%J(TX)Q

G =
2
FCi

’

where F’ ; is defined in (5.4). So G; is a quotient sheaf of JH%)(TX ) supported on the reduced
point ¢;. Therefore, as before,

4
G =y~ (G) ®o, Oy <Z<w(m - 1)y,~>

i=1
is a quotient of W (defined in (5.11)) supported on @ (¢;)y;. This quotient map will be denoted
by g!.
Let 6; denote the restriction of the sheaf G to the subscheme

(@ (&) — Dy Co(&i)yi.

So we have a natural projection

fl:G, — G, (5.14)
Let
&HCW (5.15)

be the kernel of the composition

e
Zg, ¢ @f,-’

(recall that glf W — G; is the quotient map), where f; is defined in (5.14).
Finally, let

ECENECW (5.16)

be the intersection, where £ and &, are defined in (5.13) and (5.15) respectively.

It may be mentioned at this point that the reason behind the above construction of £ is to
ensure that for any logarithmic connection V on Jﬁ) (T X) satisfying the residue condition and also
satisfying the three conditions in the theorem, the logarithmic connection y*V on y*JH%)(TX )
defines a nonsingular connection on £. This will be explained in detail later.
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Note that over the complement Y'\ y -1 (D) all the vector bundles W, &1, & and £ are naturally
identified with

V¥ IATX) -1y = Y IZT Xy -1my = T2 TV ly -1y

Any automorphism of Y lifts naturally to J2(TY). So, the action of the Galois group G on Y
lifts to an action of G on J2(T'Y) as vector bundle automorphisms. The vector bundle y * JH%) (TX)
being a pullback is equipped with a lift of the action of G as vector bundle automorphisms.

We need the following lemma.

Lemma 5.3. The holomorphic sections of J2(T Y) invariant under the action of G on J2(T Y),
that are defined on open subsets invariant under the action of G on 'Y, are identified with the
holomorphic sections of y*J[%)(TX ) invariant under the action of G on y*]ﬁ(TX ) that are
defined on G-invariant open subsets of Y.

For the vector bundle £ constructed in (5.16), the identification

2
Elny-1m) = I T Vly 1)
extends to an isomorphism of € with J>(TY) over Y.

Proof. To prove the first part of the lemma we note that the coherent sheaf on X that associates
to any open subset U C X the space of all G-invariant holomorphic 1-forms on y ~!(U) is
identified with the sheaf of holomorphic 1-forms on X (see [4, page 88, Lemma 3.7]). Similarly,
the coherent sheaf on X that associates to any open subset U C X the space of all G-invariant
holomorphic vector fields on y ~!(U) is identified with the sheaf defined by the line bundle
TX Q Ox(—D) over X.

To prove the above assertion, set U; C C to be the unit disk, and consider the map

U — U (5.17)

defined by z —— z". The vector field Za% on U] is left invariant under the action of the Galois
group Z/nZ, and furthermore, all the invariant holomorphic vector fields on U; are generated
by this one as module over invariant holomorphic functions. On the other hand, if w = z”, then
Za% =nwgrs.

Therefore, T X Q) Ox (—D) coincides with the sheaf defined by (locally defined) G-invariant
vector fields on Y. The coherent sheaf on X that associates to any open subset U C X the space
of all G-invariant holomorphic functions on y ~!(U) is identified with the sheaf defined by the
trivial line bundle on X. (See the proof of Lemma 3.3 for a similar argument.)

The action of G on J*(T'Y) clearly preserves the filtration
Ky C kernel(py) C JX(TY),

where py : J2(TY) —> TY is the natural projection (defined exactly as in (4.7)) and Ky is the
kernel of the projection J2(TY) — J!'(T'Y). The action of G on Ky coincides with the given
by the natural lift of automorphisms. The quotient kernel(py)/Ky is the trivial line bundle over
Y equipped with the trivial lift of the action of G on Y, that is, the group G acts diagonally on
Y x C with the action of G on C being the trivial one. The quotient J2(T'Y)/kernel(py) is T X
with the natural lift of the action of G to T'X.

Using these observations it follows that the sheaf on X that associates to any open subset
U C X the space of all G-invariant holomorphic sections of J%(Ty~!(U)) is identified with the
sheaf defined by the vector bundle Jﬂ%)(TX ). This proves the first part of the lemma.
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To prove the second part of the lemma we need the following observation. Consider the action
of Galois group Z/nZ for the map in (5.17) on the trivial line bundle U; x C with U; as in
(5.17), defined as follows: the action of the generator 1 € Z/nZ sends any (z,c¢) € U; x C to
(exp(Zn«/—_l/n)z, exp(Zn«/—_lk/n)c), where k is a fixed integer in [0, n — 1]. The invariant
sections of the trivial line bundle for this action are generated by the section defined by the
function z —> z*. In particular, the order of vanishing at zero of the generating section is strictly
less than n.

The above observation and the first part of the lemma together imply that

i=1

4
Yy IA(TX) C JX(TY) C y*JA(TX) ® Oy <Z(w(§,~) — 1)y,~> . (5.18)

In other words, J2(T'Y) is a subsheaf of W defined in (5.11).
The following decomposition into a direct sum of line bundles
0 0 d
JHTU) = — ®c Ouy, ® 20— ®c Ouy, D> —
0z 0z 0z

over the unit disk Uy, where z is the standard coordinate on Uy, is left invariant by the action of
Z/nZ considered above (the Galois group for the map z — z").

Now using the earlier observation that invariant sections are generated by the function
z —> zX it follows that the construction of £ from W coincides with the construction of the
subsheaf J2(TY) C W in (5.18). This completes the proof of the lemma. [

®c Oy,

Remark 5.4. If a finite group I" acts on a complex projective manifold Yi, and if E is a
holomorphic vector bundle over Y| equipped with a lift of the action of I" as vector bundle
automorphisms, then in [5] a construction is given to recover E from the invariant sheaf (f E )F
and some data over (f, E)! called parabolic structure, where f is the projection of ¥ to ¥ /I (the
construction of [5] works under some assumptions on the ramification divisor and the restriction
of E over it). The above construction of £ from Jﬂ%)(TX ) is a special case of the construction of

[5].

Continuing with the proof of the theorem, let P be an orbifold projective structure on X.
As we saw in the proof of Lemma 3.2, the orbifold projective structure P defines a projective
structure P on the covering Riemann surface Y in (3.7) which is left invariant by the action of
the Galois group G on Y.

Using Theorem 4.5, P gives a holomorphic connection V' on J>(T'Y) which is left invariant
by the action of G on JX(TY). Using the isomorphism & = J2(TY) in Lemma 5.3, this
connection V' defines a connection V” on £.

Since the divisor y; C Y is left invariant by the action of the Galois group G for the covering
map y, the line bundle Oy (y;) is equipped with a canonical lift of the action of G on Y.
Therefore, the line bundle Oy (Zle m;yi), where m; € Z, is equipped with a lift of the action
of G. The vector bundle y*]ﬁ(TX ) being a pullback is also equipped with a lift of the action
of G. Therefore, W defined in (5.11) is equipped with a lift of the action of G on Y. From the
definition of & (respectively, &) in (5.13) (respectively, (5.15)) it follows immediately that the
action of G on W leaves the subsheaf £; (respectively, &) invariant. In other words, both £; and
&> have an induced action of G. Therefore, the action of G on W leaves £ = £ N &, in (5.16)
invariant.

The isomorphism in Lemma 5.3 takes the induced action of G on £ to the action of G on
J2(TY). Therefore, the induced action of G on & leaves the connection V" invariant.
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We will recall a property of a logarithmic connection which will be used.
Let V be a holomorphic vector bundle over X and Fy C V,, a subspace of the fiber over
xo € X. Let V'’ be the vector bundle defined by the exact sequence

0— V' — V —> V,/Fy —> 0. (5.19)

Let V° be a logarithmic connection on V singular over the point xo. Then V° induces a
logarithmic connection on V' if and only if the residue

Res(V?, x0) € End(Vy,)

leaves the subspace Fyp C V,, invariant. Assume that Res(V?, xo) preserves subspace Fy C
V- Let Ry (respectively, R) be the endomorphism of Fy (respectively, V,,/Fp) induced by
Res(VY, xo). The kernel of the homomorphism

Jro 1 Vi —> Fo C Vy (5.20)

of fibers (obtained by restricting the exact sequence (5.19) to xp) is identified with
(Vxo/ Fo) @ Lo, where £ is the fiber over xg of the line bundle Ox (—xp). If V!is the logarithmic
connection on V' induced by VO, then there is an isomorphism

T : Fo® (Vyy/Fo) — Vy,
such that

(1) T(Vyy/Fo) = (Viy/Fo) @ Lo = kernel( fy,) (the homomorphism fy, is defined in (5.20))
and T'(w) = w ® wo, where w € Vy,/Fy and wy is a fixed element in £( independent of w;

(2) the homomorphism Fy —> Fy induced by T is the identity map (the first condition implies
that T induces a homomorphism of quotients, and V)éo /kernel( fx,) = Fo);

B) To(R+ IdVXO/Fo) = Res(V1 ,x0) o T on V,,/Fy (this condition implies that Res(V1 , X0)
preserves kernel( fx,), and hence Res(V!, xp) induces an endomorphism of the quotient Fp);

(4) Rg = R’ on Fy, where R’ € End(Fp) is the endomorphism induced by Res(V!, x¢) (see (3)).

Using the above criterion it follows that the connection V” on £ induces a logarithmic
connection V on y*J]IZD(TX ). Since V” is left invariant by the action of G on £ we conclude
that the natural action of G on y*JH%)(TX ) leaves the logarithmic connection V invariant.

Therefore, V descends to a logarithmic connection V on JH%(TX ). From the above property
of the residue of the induced connection it follows that V satisfy the residue condition (see
Definition 5.1 for residue condition). Furthermore, from the properties of the connection V' on
J2(TY) described in Theorem 4.5 it follows immediately that the logarithmic connection V on
JH%(TX ) satisfies all the three conditions in the statement of the theorem.

For the converse direction, let V be a logarithmic connection on J]I%)(TX ) satisfying the
conditions in the statement of the theorem. Let y*V be the pulled back logarithmic connection
on the vector bundle y* JH%(TX )overY.

Consider the kernel F’ := kernel( fy,) C V)éo of the homomorphism in (5.20). Recall that the
quotient Vy /F" is identified with Fo C Vy,. Let Vo be a logarithmic connection on V’ singular
over the point xg. The connection V( induces a logarithmic connection on the vector bundle V
in (5.19) if and only if the residue

Res(Vp, x0) € End(Vy,)

leaves the subspace F' C V)go invariant. Assume that Res(Vyp, xo) preserves the subspace F’.
Let Ry (respectively, Ri) be the endomorphism of F’ (respectively, Fo = Vy /F’) induced
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by Res(Vp, xp). If V; is the logarithmic connection on V induced by Vj, then there is an
isomorphism

T:F &F— Vi
such that

(1) T(w) = w for any w € Fop;

(2) T(w ® wo) = w forall w € V,,/Fp, where wy is a fixed nonzero element of the line £q (so
wy is independent of w, recall that F' = (Vy,/Fp) Q) €o);

(3) T o (Ry —Idp) =Res(Vy,x9) o T on F/;

(4) R; = R on Fy, where R’ € End(Fp) is induced by Res(V1, xg).

Using these properties of a logarithmic connection together with the given hypothesis that
V satisfies the residue condition it follows that the logarithmic connection y*V on y*Jﬁ)(TX )
induces a regular holomorphic connection on the vector bundle £ constructed in (5.16). (To show
that a logarithmic connection is actually a regular connection, it suffices to show that the residue
at each singular point is zero.)

Let V' be the regular connection on £ = J 2(TY) induced by y*V (see Lemma 5.3 for the
isomorphism). The connection V' is evidently left invariant by the action of the Galois group
G on JX(TY). Since V satisfies the three conditions in the statement of the theorem it follows
immediately that the connection V' on J?(T'Y) satisfies the three conditions in Theorem 4.5.
Therefore, using Theorem 4.5 the connection V' gives a G-invariant projective structure on Y.
This projective structure, being G-invariant, descends to an orbifold projective structure on X.

The two constructions, namely from logarithmic connections to orbifold projective structures
and vice versa, are inverses of each other. This completes the proof of the theorem. O

6. Differential operator associated to orbifold projective structures
In the first part of this final section we will assume that D is the zero divisor (= empty set).
6.1. The case of D =0

Let Wj be a complex vector space of dimension two. In (4.3) and (4.9) we saw that
THTP(Wo)) = P(Wo) x HO(P(Wp), TP(Wp)) = P(Wp) x sl(Wo)

with the isomorphism defined by restricting global vector fields to the second order infinitesimal
neighborhood of points of P(Wy). Therefore, we have splitting of the exact sequence

0 —> Kiay,, — 2 (TP(Wo) —> JX(TP(Wp)) — 0 6.1)

in (2.1) that sends a global vector field to the third order infinitesimal neighborhood of points of
P(Wp). More precisely, for any x € P(Wp) and v € J2(TP(Wj)),, the homomorphism

JHTP(Wo))y —> JX(TP(Wp))x

giving the splitting of (6.1) sends v to the element in J 3(TP(Wp)), obtained by restricting the
vector field on P(Wp) corresponding to v to the third order infinitesimal neighborhood of x. The
splitting of (6.1) gives a homomorphism

3 2
J(TP(Wo) — K&
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This homomorphism defines a differential operator

Dy € HO(P(Wp), Diffg, yy, (TP(Wo), K§y,)) (6.2)

whose symbol is the constant function 1 (see (2.2)).

The local system on P(Wj) defined by the sheaf of solutions of Dy (defined in (6.2)) is
identified with the local system defined by the flat connection on J>(TP(Wy)) given by its
trivialization in (4.9).

Let

7 : P(Wy) — C U {00}

be any globally defined holomorphic coordinate function on P(Wp). So on 2 (C) any
holomorphic vector field is of the form f (z)%, where f is an entire function. The differential
operator Dy in (6.2) satisfies the identity

9 33
Dy fl—)= —J;(dz)®2. (6.3)
0z 9z
It is easy to check that if Dy is of the above form with respect to some locally defined
holomorphic coordinate function z on P(W), then z is the restriction of a globally defined
holomorphic coordinate function of the above type.
Now let Y be a compact connected Riemann surface equipped with a projective structure P.
Since the differential operator Dy in (6.2) is equivariant under the actions of GL(Wj) on
TP(Wy) and K%’(ZWO), it induces a differential operator
Dy € H(Y, Diff} (TY, K$%)) (6.4)

in the following way.
Take any holomorphic coordinate function

VY CU— P(Wp)

compatible with the projective structure P. The differential dyr identifies T U (respectively, K 5’ 2)

with ¢ *TIP(Wp) (respectively, I/f*KfPS?(ZWO)). So the differential operator Dy gives a holomorphic
differential operator

Dy € H°(U, Diff} (TU, K?))

over the open subset U C Y. Since Dy intertwines the actions of GL(Wy) on TP(Wp) and
K%’(ZW ) these locally defined differential operators Dy patch together compatibly to define a
globa?ly defined differential operator Dy as in (6.4).

Since the symbol of Dy is the constant function 1, it follows immediately that the symbol of
Dy is also the constant function 1.

Since the local system defined by the sheaf of solution of Dy is identified with the local
system defined by the natural connection on J 2(TP(Wyp)), it follows that the local system on Y
defined by the sheaf of solution of the differential operator Dy is identified with the local system
defined by the flat connection on J 2(TY) constructed in Proposition 4.2 from P. Indeed, this
is an immediate consequence of the fact that the connection on J>(T'Y) in Proposition 4.2 is
constructed by patching together the connections on J?(T U) given by the natural connection on
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J2(TP(Wy)) using a coordinate function over U compatible with the given projective structure
P.

The operator Dy determines the projective structure P. To reconstruct P from Dy, take
holomorphic coordinate functions on Y such that Dy is of the form (6.3) in terms of the
coordinate functions. Such coordinate functions are compatible with P, and hence P is
reconstructed using these coordinate functions.

6.2. The general case of D

Now we remove the assumption that D = 0.

Let P be an orbifold projective structure on X. Take y : ¥ — X as in (3.7). The projective
structure P on X gives a projective structure P on Y which is left invariant by the action of the
Galois group G on Y (see the proof of Lemma 3.2).

So P gives a G-invariant differential operator Dy as in (6.4). Such a differential operator Dy
descends to a differential operator

Dy € H(X, Diff3 (T X ® Ox(-D), K$* ® Ox(D))). (6.5)

Indeed, this follows immediately from the fact that the sheaf on X defined by the G-invariant
local sections of TY (respectively, K ?2) is identified with the sheaf defined by TX ® Ox (—D)
(respectively, K 5‘?2 ® Ox (ID)); see the first two paragraphs in the proof of Lemma 5.3 as well as
the proof of the isomorphism in (3.8). Note that since Dy is left invariant by the action of G, if s
is a locally defined G-invariant holomorphic section of 7Y, then Dy (s) is a G-invariant locally
defined holomorphic section of K )@2.

The symbol of Dy (defined in (6.5)) is a section of Ox (2D); see the definition of symbol in
(2.3). Since the symbol of Dy is the constant function 1, it follows that the symbol of Dy is

1e HY(X, Ox) c H (X, Ox(2D))

(the section defined by the constant function 1).

The orbifold projective structure P is determined by the differential operator Dx. To
reconstruct P from Dy note that Dy determines Dy. Therefore, the projective structure P on Y
is determined by Dx. Hence P is determined by Dy.

The flat connection on X’ = X \ D corresponding to the local system on X’ defined by the
sheaf of solutions of the differential operator Dy extends to a logarithmic connection on the
vector bundle Jﬁ(TX ) defined in (5.2). To prove this we first recall that the local system on Y
defined by the sheaf of solutions sheaf of Dy corresponds to the flat connection on J>(T'Y) for
the projective structure P; the connection was constructed in Proposition 4.2. Since Dy descends
to X as Dy, and the connection on J2(7T'Y) descends to the logarithmic connection on JHZD(TX )
defined by P (see the proof of Theorem 5.2), we conclude that the logarithmic connection on
Jﬁ(TX ) constructed from P (constructed in Theorem 5.2) is an extension of the connection over
X' defined by the sheaf of solutions of Dy.

Therefore, we have the following variation of Theorem 5.2.

Theorem 6.1. There is a natural bijective correspondence between the space of all orbifold
projective structures on X and the subset of

HO(X, Diff3(TX ® Ox(-D), K$* @ Ox(D)))

consisting of all differential operator Dx such that
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(1) the symbol of Dy is the section of H*(X, Ox(2DD)) given by the constant function 1,
(2) the flat connection on X \ D corresponding to the sheaf of solutions of Dy extends as a
logarithmic connection on JH%)(TX ) over X, and

(3) this logarithmic connection on Jﬁ(TX ) satisfies all the conditions in Theorem 5.2.

6.3. Kernel of the differential operator

‘We will describe the section
K1 (Dx) € H'4A, p}(K$* ® Ox (D)) ® p5(KF* @ Ox(D)) ® Oxxx(44))  (6.6)

corresponding to the differential operator Dy (constructed in (6.5)) by the isomorphism K in
(2.6).
Identify CP!' with C U {oo} by sending any ¢ € C to the line in C? defined by (1, ¢). This
identification gives a meromorphic coordinate function on CP! which will be denoted by z.
Take any holomorphic coordinate function

¢i 1 Vi — U; (6.7)

as in (3.6) compatible with the given orbifold projective structure P on X. Let Ay, C V; x V; be
the reduced diagonal divisor and

qi,j - VixVi—V;,
Jj = 1,2, the projection to the j-th factor. Over V; x V; consider the meromorphic form
L (dz2)®? @ (dz)®?
" (z1 — 22)*
where (z1, z2) is the holomorphic coordinate function on V; x V; defined by z; (v1, v2) = z(v)),

j=172.
Restricting this section to nAy,, n > 1, we get a section

€ HO(Vi x Vi qf | KP? ® g1, K5 ® Oy, v, (4Ay,)),

win € H(Avy,, (g} K ® 12K ® Ov,xv; (44Av)) I ay,)-

Let Ay, C U; x U; be the diagonal. Using the covering map ¢; the section w; on the
infinitesimal neighborhoods on Ay, descends to section

o; € H'@Ay,, (p{(K$* ® Ox (D)) ® p5(KF* ® Ox (D)) ® Oxxx (4A)4a,,)

(actually, we get sections over each nAy,, but here we are interested only in the section over
4Ay;).
To construct o; first note that the section

(dzD)®? ® (dz2)®"
(z1 —22)*
is invariant under the diagonal action of the Mobius group PSL(2, C). In particular, the earlier
defined section w; is invariant under the diagonal action of the Galois group for the covering map
¢; in (6.7). The diagonal Ay, C V; x V; is left invariant by the diagonal action of the Galois
group and the quotient is Ay,. Also, we saw that the sheaf on X defined by the G-invariant
local sections of K 1‘?2 is identified with the sheaf defined by K ?2 ® Ox (D) (see the proof of the
isomorphism in (3.8)). Therefore, w; descends to a section @;, over 4 Ay, of the above type.

e HOCP' x CP', (K& W KE2) ® Ocpixcp GAcp))  (6.8)
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Since the section in (6.8) is invariant under the diagonal action of PSL(2, C), it follows
immediately that for another holomorphic coordinate function ¢; : V; — U; as in (6.7)
compatible P, the two sections @; and @; coincide over (4Ay,) N (4Ay,) C X x X.

Consequently, these locally defined sections @; patch together compatibly to define a
holomorphic section of the line bundle

L= pi(K$*® Ox(D)) ® p3(K$? ® Ox(D)) ® Oxxx(44) (6.9)

over4A C X x X.
Let Sp denote this section of £ over 4A constructed from the projective structure P. We will
show that Sp coincides with the section X~ !(Dy) in (6.6).

. . . ®2 ®2 .
To prove this, first consider the section % in (6.8) over CP! x CP!. The

restriction of this section to 4A¢p1 is actually the kernel of the differential operator Dy over
CP! constructed in (6.2); here Agcp is the diagonal in CP! x CP!. Indeed, this is an immediate
consequence of the local expression of Dy given in (6.3). Since Dy is constructed from Dy
using coordinates compatible with the given projective structure P, we conclude that the section
K~Y(Dyx) in (6.6) coincides with Sp.

We will list properties of the section X! (Dy) defined in (6.6).

Using the Poincaré adjunction formula, the restriction to A of £ (defined in (6.9)) is
identified with the line bundle Ox (2DD) after identifying A with X. Since the symbol of the
differential operator Dy is 1 € H°(X, Ox(2D)) (see Theorem 6.1), from the description of
symbol given in (2.7) it follows immediately that the restriction of X~ (Dy) to A is given by
1 € HO(X, Ox(2D)).

Let

Ty : XXX —XxX

be the involution defined by (x, y) = (y, x). The pullback 7y L is canonically identified with
L (defined in (6.9)). Indeed, this is an immediate consequence of the fact that tx leaves the
diagonal A invariant. In other words, the involution tx lifts naturally to L.

The section Sp of £ defined over 4A is left invariant by tx (the involution leaves 4A
invariant). This follows immediately from the fact that the section in (6.8) over CP! x CP!
is left invariant by the involution of CP! x CP!.

Let U C X x X be an analytic open subset with Tx(U) = U, and let f be a holomorphic
function defined over U such that f = f o tx. Then the order of vanishing of f on the divisor
ANU C U must be even. Consequently, a ty-invariant holomorphic section over U of the line
bundle £ (defined in (6.9)) vanishing of order at least 2k — 1 over A N U must vanish of order at
least 2k over A N U, where k is an integer.

Therefore, if s and s’ are two sections of £ over 4 A such that

(1) both s and s’ are left invariant by the action of Tx on the line bundle,
(2) slza =534,

then s = s’. In other words, any ty invariant section of £ over 3A extends uniquely to a tx
invariant section of £ over 4 A. So the section Sp over 4A is determined by its restriction to 3A.
Take any point §; € D. Let

t: X — XxX
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be the inclusion defined by x — (x, ;). We have
WL =K$*® Ox(5D) ® &, (6.10)

where & is the trivial line bundle over X with fiber (Kf?2 R Ox (D)), .
Lets € HY(3A, £) be a holomorphic section over 3A which is invariant under the involution
Tx. Set

Bs = 1*(s) € H'(3¢;, " L) 6.11)

over the nonreduced divisor 3¢; C X, where ¢ is defined above.
Note that if we used the embedding x —> (¢;, x) instead of ¢, then the fact that both £ and s
are invariant under the involution 7y implies that the section in (6.11) remains unchanged.
Assume that S in (6.11) vanishes at ¢; of order two. In view of this assumption, using (6.10)
it follows that B; is a section

Bs € H'B¢, K§* ® Ox(3D) ® &).

Since Ox (D), = T, X (the Poincaré adjunction formula), the fiber over ¢; of the line bundle
K?z ® Ox(3D) ® & is identified with C. Hence we have

Bsle, € C. (6.12)

Now set s to be the section Sp|3a, where Sp is the holomorphic section of £ over 44
constructed using the projective structure P. Since Sp is invariant under the involution ty, and
the symbol of the differential operator Dy vanishes at ¢; of order two (see Theorem 6.1), we
conclude that Sp satisfies all the above conditions on s.

Using the fact that the logarithmic connection on JH%)(TX ) defined by the sheaf of solutions
of the operator Dy in (6.5) satisfies the residue condition (see Definition 5.1, Theorems 5.2
and 6.1) it follows that Bg(p)ls; in (6.12) is 1/ (¢;). The eigenvalue of the eigenvector G, in
Definition 5.1(1) coincides with Bgp)ly;.

Combining the above observations we have the following theorem.

Theorem 6.2. There is a natural bijective correspondence between the space of all orbifold
projective structures on X and the space of all sections

s € H'GA, pj(K$* ® Ox(D) ® pi(KE? ® Ox(D)) ® Oxxx (44))

over 3A C X x X satisfying the following conditions

(1) the section s is invariant under the involution of X x X,

(2) the restriction of s to A coincides with the section of H(X, Ox(2D)) given by the constant
function 1 (after identifying A with X),

(3) Bsly; € Cin (6.12) is 1/ (&;).

Let
s,s' € H'BA, pH(K$? @ Ox (D)) ® p5(K? @ Ox (D)) ® Oxxx(44))

be two sections satisfying only the first two of the three conditions in Theorem 6.2. Therefore,
s — s’ vanishes on A and it is invariant under the involution of X x X. As we saw earlier, these
imply that s — " actually vanishes on 2A. Therefore,

s—s € H'(X,0x2D) ® K$?)
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after identifying A with X (and using the Poincaré adjunction formula). Using the Poincaré
adjunction formula the fiber of Ox (2D) Q) K ??2 over any ¢; € D is identified with C. It is easy
to see that

(s —s)() eC

coincides with S|, — By, € C, with B as in (6.12). Therefore, if s and s’ also satisfy the third

condition in Theorem 6.2, then the section s — s’ of Ox (2D) Q) K ?‘?2 vanishes on ID. In that case,
we have

s—s' € H'(X,Ox(D) ® K$).
Conversely, any « € H(X, Ox (D) ® K ;‘?2) gives a section

o € H'GA, pj(K$* ® Ox (D) ® p3(K§> ® Ox (D)) ® Oxxx (44)).

If Sp is a section as in Theorem 6.2 corresponding to an orbifold projective structure P
on X, then s + o’ defines an orbifold projective structure using Theorem 6.2. This way,
the space of all orbifold projective structures on X is an affine space for the vector space
HO(X, Ox (D) X Kf?z). This is a reformulation of Lemma 3.3.
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